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Abstract This study develops a mesoscopic framework and methodology for the
modeling of microcracks in concrete. A new algorithm is ﬁrst proposed for the
generation of random concrete meso-structure including microcracks and then
coupled with the extended ﬁnite element method to simulate the heterogeneities
and discontinuities present in the meso-structure of concrete. The proposed pro-
cedure is veriﬁed and exempliﬁed by a series of numerical simulations. The simu-
lation results show that microcracks can exert considerable impact on the fracture
performance of concrete. More broadly, this work provides valuable insight into
the initiation and propagation mechanism of microcracks in concrete and helps to
foster a better understanding of the micro-mechanical behavior of cementitious
materials.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1404101]
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I. INTRODUCTION
Concrete is a cementitious mixture made by muddling aggregates, cement, chemical addi-
tives, and water. Aggregates, which cover a broad spectrum of granular materials ranging from
ﬁne sand to coarse gravel or crushed rocks, play the role of inert ﬁller. The space between the
aggregates is ﬁlled by cement acting as the binder for bonding the aggregates together. In many
cases, different chemical additives are also introduced to improve the material properties. To glue
these dry compositions together, water is added to react with the cement. Upon completing the
hydration process, the concrete dries up and forms a hardened solid material that can yield de-
sired strength, density, and other parameters. It is widely recognized that the physical properties
of concrete are largely inﬂuenced by its constituents and admixtures as well as its micro-, meso-,
and macro-structures. As such, concrete is generally deemed as a multiscale composite material
and possesses complex micro-structure at length scales spanning from nanometers to millimeters,
as illustrated in Fig. 1. At the nanometer scale (10 nm), a crystalline nano-structure characterized
by the hydration product of calcium silicate hydrate (C-S-H) can be observed. At the higher mi-
crometer scale (10 μm), concrete can be viewed as a cement paste matrix composed of individual
cement grains. When scaling up to millimeters (10 mm), the mortar meso-structure consisting of
a)Corresponding author. Email: mxchen@whu.edu.cn.
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(a) (b) (c) (d)
Fig. 1. Illustration of concrete at different length scales: (a) nano-scale, (b) micro-scale, (c) meso-scale, and
(d) macro-scale (modiﬁed from Refs. 1 and 2).
ﬁne and coarse aggregate particles becomes discernible. On the other hand, at the macroscopic
level (10 m), concrete is customarily treated as a homogeneous continuum.
Due to the heterogeneity of concrete and the presence of many discontinuities at both the
macro-structural and micro-structural levels, concrete normally exhibits a rather complex mecha-
nical behavior when subjected to different loading conditions. As such, over the past few decades,
considerable research efforts have been directed towards the development of numerical techniques
in the macroscopic constitutive modeling of concrete, which can be basically classiﬁed into two
categories, i.e., the continuum damage mechanics based approach and the fracture mechanics
based approach.3–8 The continuum damage mechanics based approach has provided an elegant
way of simulating crack initiation and propagation by way of stiffness degradation. In the fracture
mechanics approach, a typical concrete cracking model is generally composed of three compo-
nents, i.e., a condition for determining the onset of crack initiation, a method for crack represen-
tation, and a criterion for describing crack propagation.
Although the “macro-mechanical” approach3–8 sheds light on the general global behavior of
concrete, it is not capable of capturing, in detail, their intrinsic micro-structure, and thus pre-
dicting the many intricate micro-mechanics-based phenomena. On the other hand, the “micro-
mechanical” approach provides an alternative perspective for the in-depth investigation of cement-
based materials. Within the multiscale framework, it is possible to represent such “micro” phe-
nomena in a more comprehensive and detailed fashion, thus allowing for probing into the com-
plicated internal mechanisms. For instance, it was shown that the interfacial transition zone (ITZ)
could play an important part in the micro-mechanical damage and fracture behavior of concrete.
Along this line, Kim and Al-Rub9 developed a meso-scale plastic-damage model for the numerical
modeling and quantiﬁcation of ITZ in cementitious composites.
The micro-mechanical analysis of cementitious materials is further complicated by the ex-
istence of many internal ﬂaws, voids, and cracks. In particular, a large number of microcracks
are present in concrete prior to loading, which are caused by shrinkage at the early age. Micro-
cracks are internal cracks at a length scale of millimeters. The cracks that occur in the mortar
are commonly referred to as the mortar cracks, whereas those that appear at the aggregate-matrix
interface are known as the bond cracks. Upon applied loading, these microcracks extend and
merge and result in stress redistribution from element to element in the material. The presence of
such pre-existing microcracks and the progression of microcracking may exert substantial impact
on the overall performance of concrete. For these reasons, various experimental techniques have
041001-3 Mesoscopic characterization and modeling of microcracking in cementitious materials
been developed to analyze the effects of microcracks in cement-based materials.10–15 However,
at this juncture, it should be noted that although experimental studies of microcracks in concrete
are relatively abundant, computational modeling of microcracking has been scarcely reported in
the literature.16,17 The limited information on this subject may be, in part, ascribed to the fact
that modeling crack growth using the standard ﬁnite element method (FEM) is cumbersome as
it is difﬁcult to accurately describe the discontinuities and singularities of cracks and fractures.
This challenge has called for a philosophy that is capable of fully capturing these discontinuities
and singularities. In this regard, the extended ﬁnite element method (XFEM)18–24 based on the
concept of partition of unity by Melenk and Babuska25 has been gaining momentum and proven
to be appealing and promising.
Clearly, the micro-mechanical behavior of concrete, particularly the initiation and propaga-
tion of microcracks, has not yet been extensively studied and thoroughly understood, which still
requires further investigation. To this aim, the objective of this research is to present a general
framework and methodology for the meso-scale modeling of concrete with microcracks using the
XFEM. To achieve the objective, a computational algorithm for generating random concrete meso-
structure including microcracks is ﬁrst proposed and then combined with the XFEM to model the
heterogeneities and discontinuities within the meso-structure of concrete. After that, a number of
numerical experiments are performed to assess the performance of the proposed approach.
II. CHARACTERIZATION AND REPRESENTATION OF MICROCRACKS
A. Characterization and Representation of Microcracks in Concrete
As mentioned in Sect. I, concrete contains a tremendous amount of initial microcracks, in-
cluding the mortar cracks and the bond cracks. In concert with the foregoing discussions, we
emulate the mortar cracks via small and sharp elliptical voids, as illustrated in Fig. 2. This slender
ellipse-like shape is chosen partly because it bears a good resemblance to the actual microcracks
and is capable of approximately representing the voids inside the material body of concrete. Tak-
ing a different approach, we idealize the bond cracks by means of contact surfaces between the
aggregate and the ITZ, as shown in Fig. 2. Although such approximations are simpliﬁed, they
certainly offer a reasonable and effective method for simulating the pre-existing cracks and render
the computational modeling of crack growth and fracture much more tractable.
Elliptical void
ITZ
Aggregate-ITZ
contact interface
Aggregate
Fig. 2. Idealization and representation of the mortar cracks and the bond cracks.
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B. Generation of Random Concrete Meso-structure with Microcracks
Following the representation of microcracks presented above, the next step is to integrate
them into the computational model of the concrete micro-structure. As stated by Krajcinovic,26
the micro-structure of engineering materials as well as their corresponding evolution is generally
stochastic and, hence, the appropriate characterization of this stochastic micro-structure should
involve the consideration of a statistically representative sample of randomly selected sections
or volumes, which are commonly referred to as the representative volume element (RVE). The
RVE should be sufﬁciently large and adequate to represent the micro-structural randomness of the
actual material, but can substantially reduce the computational cost.26 In the case of concrete, the
RVE must mimic in a statistical sense the real concrete in terms of the shape, size, and distribution
of the aggregate particles.
The procedure for generating this RVE is normally established on Monte Carlo simulation
and typically completed via generating the aggregate particles for a given aggregate size distri-
bution (the taking step) and inserting the previously generated aggregate particles into the RVE
so that certain placing criteria are satisﬁed (the placing step).27–30 It is however noted that these
commonly utilized generation algorithms take into consideration only the random structure of the
aggregate particles and do not account for the effects of microcracks.
To include the microcracks into the RVE, in the following, we propose a new algorithm. As
shown in Fig. 3, the proposed algorithm is implemented in two phases. During the ﬁrst stage,
we start with placing the aggregates into the RVE. For simplicity, we assume that the aggregates
are of circular proﬁle. The generation process is speeded up by merging the taking and placing
steps into a uniﬁed step. In the wake of the ﬁrst phase, one then moves onto the second phase by
placing microcracks into the RVE. It is noted that the same algorithm used earlier to generate the
aggregates can not be directly lent to check the microcracks as the microcracks do not have the
circular shape anymore. To cope with this, we create a virtual circle with a radius equal to the
length of the ellipse’s semi-major axis that covers the elliptical void. If the outer circle does not
overlap the formerly generated circles and ellipses, the elliptical void is then kept. In this way, the
insertion of the microcracks can be similarly veriﬁed.
The salient features of the proposed generation algorithm are its simplicity and efﬁciency.
Phase 1: place aggregates Phase 2: place microcracks
> 2αr4
a
> 2αr3
c
> (1+2α)r4 +r2
> (1+2α)r3 +r1
a a
c ca1
a4 a2
a3
a1
a2
a3
c3
c1
c2
> (1+2α)r3 +r4
c a
Fig. 3. Algorithm for the generation of random concrete meso-structure with microcracks (r indicates
radius; the superscript “a” indicates the aggregate; the superscript “c” indicates the microcrack; α is a
distance adjustment parameter).
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Numerical experiments show that for the RVE shown in Fig. 4, which contains 100 aggregates and
50 microcracks, the generation process takes approximately 2–3 s on a regular Lenovo desktop
computer with 3.30 GHz CPU processor and 2.00 GB memory. In addition to generating elliptical
cracks (Fig. 4(a)), the proposed algorithm can also be extended to generate line cracks (Fig. 4(b)).
To realistically predict the mechanical properties of cementitious materials, we consider a set of
100 random samples of the RVE, which would sufﬁce to characterize the RVE population.
(a) (b)
Fig. 4. Generated mesoscopic RVE samples: (a) elliptical microcrack and (b) line microcrack.
C. Multiscale Computational Homogenization for Microcrack Modeling
After the meso-structural RVE boundary value problem is solved, the response behavior of
the material at the mesoscopic level can then be obtained. To transfer the meso-level response
to macro-level, computational homogenization procedures are typically carried out, in which ho-
mogenized quantities (such as stresses at macro-level) are calculated from their meso-scale coun-
terparts that are previously determined. Special attention has been paid to develop computational
homogenization techniques for strain-softening materials such as concrete, because the macro-
scopic response is shown to rely on the size of the RVE sample.17,31 To overcome this issue, we
adopt the failure zone averaging technique recently proposed by Nguyen et al.31 The core notion
of their computational homogenization scheme is to compute the homogenized quantities over
the active damaged domain rather than over the entire meso-scale RVE domain. Accordingly, the
averaged stresses and strains become
〈σ 〉Ω =
1
|Ωd|
∫
Ωd
σ dΩ , 〈ε 〉Ω =
1
|Ωd|
∫
Ωd
ε dΩ , (1)
where Ωd indicates the meso-scale domain that is loaded and damaged, σ and ε represent the
mesoscopic stresses and strains, and 〈σ 〉Ω and 〈ε 〉Ω denote the homogenized stresses and strains
that are calculated from the volume average of mesoscopic stresses and strains over Ωd, respec-
tively. It is noted that only a succinct review of this homogenization technique is given herein.
Further details on the computational and algorithmic aspects of the technique are provided in
Refs. 17 and 31.
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III. XFEM-BASED MODELING OF MICROCRACKING OF CONCRETE
A. The Extended Finite Element Method
As mentioned above, the presence of microcracks in cementitious materials poses a challenge
for the conventional FEM as mostly it will require reﬁning the mesh near these ﬂaws and defects
and adjusting the mesh to match their geometries. In contrast to the FEM, the XFEM is uniquely
intended for handling such discontinuities and inhomogeneities as it permits the crack to cross
the elements arbitrarily, which is realized by enriching the ﬁnite element approximations using
special enhancement functions in conjunction with additional degrees of freedom. Within the
XFEM framework, the approximation for the displacement ﬁeld assumes the following general
form
uh (x) =∑
i∈I
Ni (x)ai+∑
j∈J
Nj (x)ψ (x)b j, (2)
where Ni (x) and Nj (x) are the partition of unity functions that are generally taken as the standard
ﬁnite element shape functions, I is the set of all nodes in the domain, J is the subset of nodes that
demands enrichment, ψ (x) denotes the local enrichment function, and ai and b j represent the
regular and additional nodal degrees of freedom, respectively.
Substituting Eq. (2) into the discretized form of the virtual work equation and applying the
arbitrariness of nodal variations lead to the following set of discrete equilibrium equations
[
Kaa Kab
Kba Kbb
]{
a
b
}
=
{
f exta
f extb
}
, (3)
where
[
Kaa Kab
Kba Kbb
]
is the global stiffness matrix,
{
a
b
}
is the vector of nodal unknowns given
in Eq. (2), and
{
f exta
f extb
}
is the vector of external forces.
Note that Eqs. (2) and (3) generally deﬁne the XFEM. For an actual realization of the XFEM,
the remaining issues are to determine the subsets of nodes to be enriched (J) and the local enrich-
ment function ψ (x), which will be addressed in the following subsections.
B. Cohesive Segment Method for Crack Initiation and Propagation
In determining the enriched nodes, a major task is to ﬁnd out how the crack propagates. We
use the cohesive segment method (CSM)21–24 to trace crack initiation and propagation, which
comprises three ingredients: (1) a crack initiation criterion, (2) a criterion for determining the
direction of crack extension, and (3) a cohesive law that describes the traction-separation relation-
ship. More speciﬁcally, crack initiation refers to the onset of decohesion in an enriched element,
which typically commences when certain predeﬁned crack initiation criterion has been reached.
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In this research, the initiation of a crack is considered to occur when the maximum principal stress
exceeds the tensile strength of the material. Meanwhile, the orientation of crack growth is taken to
be orthogonal to the maximum principal stress direction. To complete the description of the cohe-
sive evolution behavior, we deﬁne a linear cohesive traction-crack opening relationship (Fig. 5),
such that after the initiation of fracture, the energy to be dissipated during the crack propagation
process equals the critical fracture energy.
C. Level Set Description of Discontinuities
Once the crack path is known, the elements as well as the corresponding nodes that need to be
enriched can then be selected. It is worthy of note that the speciﬁcation of these enriched nodes in
a ﬁnite element mesh can further be facilitated with the assistance of the level set method (LSM).
The LSM is a numerical technique proposed by Osher and Sethian32 for tracking the motion of
moving interfaces. The essence of the LSM is to describe the interface of interest as the zero level
set of a function, i.e., the level set function. As shown in Fig. 6, for an open discontinuity such as a
crack, two level set functions are needed, i.e., a normal level set function φ and a tangential level
set function ϕ . The former one represents the crack surface, while the latter one embodies the
crack tip. With the normal and tangential level set functions φ and ϕ , the elements that require to
be enriched and the associated nodes at these enriched elements can then be determined from the
nodal values of φ and ϕ . For instance, as proposed by Osher and Sethian,32 for a given element
satisfying φminφmax 0 and ϕmax 0, the element is completely cut through by the crack, whereas
for φminφmax  0 and ϕminϕmax  0 , the element encompasses the crack tip.
δc
δ
σt
σt
σt
Gf σc
σ
Fig. 5. Traction-separation behavior in the
CSM (σt denotes the tensile strength of the
material, δc indicates the critical opening
displacement, and Gf is the cohesive frac-
ture energy).
Enriched element
cut through by the crack
Enriched element
containing the crack tip
φ > 0
φ = 0
φ < 0
ϕ = 0
ϕ < 0 ϕ > 0
Fig. 6. Determination of the enriched elements and nodes
by the level set functions.
D. Extended Finite Element Modeling of Concrete Meso-structure with Microcracks
The coupling of the XFEM and the LSM provides an elegant and efﬁcient means for the
modeling of microcrack growth in the meso-structure of concrete. With the LSM, both the deter-
mination of the enriched nodes and the deﬁnition of the enrichment functions can be simpliﬁed.
For the XFEM and the LSM to connect seamlessly, the LSM ﬁrst starts with computing the level
set functions and decides what nodes need to be enriched. Once the enriched nodes are selected,
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the nodal information is then passed to the XFEM. The XFEM then employs local enrichment
functions to simulate crack discontinuities and performs stress analysis to determine how the
propagating crack evolves. After the crack direction is determined, the path of crack growth is
immediately sent back to the LSM for updating the enriched nodes. The procedure reiterates until
the loading process is complete. For a more comprehensive account of the coupling details of the
XFEM and the LSM, please refer to Ref. 20.
The XFEM-LSM coupled approach has been widely used for analyzing fracture mechanics
problems. Recently, multiscale XFEM techniques have been proposed for the modeling of micro-
cracks. An XFEM-based multiscale approach in the context of multiﬁeld theories can be found
in the work of Mariano and Stazi,16 in which two ﬁelds were simultaneously employed for the
description of microcracked bodies, i.e., a placement ﬁeld and a micro-displacement ﬁeld that
represented the microcrack-induced perturbation added to the regular macroscopic displacement
ﬁeld. Similar to the XFEM approach proposed in the present study, the XFEM-based multiﬁeld
approach also used the XFEM to describe the displacement discontinuities and singularities in
the domain. On the other hand, the two approaches differ in the way of considering the inﬂuence
of the microcracks. In the multiﬁeld approach, a micro-structural ﬁeld was conceived to provide
information about the micro-structure of the microcracked materials. This allows for the con-
sideration of the microcracks as well as the microcrack-macrocrack interactions, while the more
complex micro-phenomena such as microcrack coalescence and the contact between the surfaces
of closed or partially closed microcracks are normally not taken into account. To include these
micro-effects, additional descriptors need to be introduced to describe the micro-structural ﬁeld.
From a different perspective, the XFEM approach proposed in the present study explicitly deﬁnes
the microcracks. As a result, the aforesaid micro-effects due to the presence of microcracks can
be naturally captured. Interestingly, an alternative approach is to unite the two XFEM approaches,
thus offering great possibilities of modeling microcracks in cementitious materials. For instance,
for the multiﬁeld approach, the detailed micro-structural information such as the initial distribu-
tion of the microcracks, which is required in the description of the micro-displacement ﬁeld, can
be readily obtained by the proposed XFEM procedure. However, this is beyond the scope of the
present paper and will be attempted in a future study.
IV. MESO-SCALE SIMULATIONS
To exemplify and verify the proposed numerical procedure, a series of numerical simulations
are conducted to investigate the tensile fracture behavior of concrete meso-structures. For simpli-
ﬁcation and illustration purposes, the RVE is assumed to be in a state of plane stress and have a
dimension of 50 mm×50 mm. In the RVE, the radii of the aggregate particles are randomly dis-
tributed between 2 mm and 10 mm, whereas the lengths of the major and minor semi-axes of the
elliptical microcrack voids vary in the range of [1, 2] mm and [0.25, 0.5] mm, respectively. The
material parameters used in the numerical modeling are summarized in Table 1. In the analyses,
the bottom boundary of the RVE specimen is set as ﬁxed and uniform displacement is applied at
its top surface nodes to simulate the uniaxial tensile loading condition.
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Table 1. Summary of key material properties utilized for the numerical simulation.
Material properties Young’s modulus/GPa Poisson’s ratio Tensile strength/MPa Fracture energy/(N·m−1)
Aggregate 55.5 0.20 – –
Mortar 26.0 0.20 3.17 44.85
ITZ 25.0 0.16 2.0 30.0
Figure 7 presents the simulation results for different mesoscopic RVEs under the same tensile
loading condition. As shown in Fig. 7(a), a horizontal crack perpendicular to the external loading
can be noticed, which is generally consistent with typical experimental observations. The crack
ﬁrst nucleates at both the left and right edges of the horizontal microcrack and then develops in
both the leftward and rightward directions. The crack on the left hand side continues to propagate
to the left side boundary of the RVE. As for the right propagating crack, it passes through the ITZ
and ceases to grow until it reaches the nearby aggregate particle. It follows from this instance
that the location and orientation of a microcrack may play an important role in crack initiation
and propagation. In a different case displayed in Fig. 7(b), the crack is found to emerge at the
interface between the aggregate and the ITZ. Similar patterns can be perceived in Figs. 7(c) and
7(d), suggesting that the ITZ is a weak link in the concrete micro-structural system. These obser-
vations further indicate that the fracture process can be greatly inﬂuenced by the micro-structure
of cement-based materials. The micro-parameters of the aggregate particles, the ITZ, and the mi-
crocracks, especially the spatial arrangements, orientations, and shape proﬁles of the microcracks,
can have a remarkable consequence on the crack propagation performance of concrete. A more
thorough evaluation of these effects is currently underway.
(a) (b) (c) (d)
Fig. 7. Simulations of the microcracking behavior for different meso-structural systems.
V. CONCLUDING REMARKS
In this paper, a numerical procedure for the meso-scale modeling of cementitious materials
with microcracks is proposed. To properly emulate the discontinuities and inhomogenities in
the concrete meso-structure, the XFEM is employed. In the meantime, the CSM and the LSM
are used to model and track crack nucleation and evolution. The marriage of XFEM, LSM, and
CSM combines their merits and offers an attractive option for the simulation of complex frac-
ture propagation in the heterogeneous concrete meso-structure by eliminating mesh reﬁnements.
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To incorporate the effects of microcracks into the concrete meso-structure, a novel algorithm for
generating concrete random meso-structure models with microcracks is developed. The gener-
ated meso-structure samples are then applied to a number of cases, where they are uniaxially
stretched. Overall, the developed XFEM-based procedure demonstrates promises in effectively
predicting crack initiation and propagation behavior in cement-based materials. The investiga-
tion also suggests that even for the relatively small RVE samples considered herein, the initial
microcracks can have certain bearing on the development of the crack trajectory. It is anticipated
that the inﬂuence of microcracks will become more pronounced when the RVE size is enlarged
and a more complicated concrete micro-structure is in place. Under such circumstances, the de-
ployments, orientations, and shapes of the microcracks as well as the interactions between the
aggregates and the mortar may come into play. These complexities will be thoroughly examined
and presented in a future study.
The simplicity and predictiveness of the developed computational framework open the door to
exploratory investigation of the effects of microcracking in cementitious materials. In represent-
ing three-dimensional (3D) microcracks and evaluating their effects on cementitious materials
across different scales, the proposed method needs to be extended. At the heart of such exten-
sion is the development of robust and efﬁcient multiscale techniques for bridging multiple scales
ranging from atomic-scale to macro-scale in order to effectively predict the properties of cemen-
titious materials. Additional challenge lies in the 3D modeling of crack propagation and coales-
cence of macrocracks and microcracks, which will require the solution of a number of technical
problems: (1) realistic 3D characterization and representation of microcracks in concrete, (2) im-
proved enrichment method using LSM, (3) efﬁcient integration scheme for singular/discontinuous
functions, (4) crack propagation and coalescence criterion in the 3D case. Furthermore, further
research efforts can also be made to reproduce the heterogeneous concrete micro-structure in a
more realistic way by exploiting X-ray scanned tomography images.
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